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Abstract
In this paper, we establish that: Suppose a closed Riemannian manifold (Mn, g0) of
dimension ≥ 8 is not locally conformally flat, then the Paneitz-Sobolev constant of Mn
has the property that q(g0) < q(Sn). The analogy of this result was obtained by T. Aubin
in 1976 and had been used to solve the Yamabe problem on closed manifolds. As an appli-
cation, the above result can be used to recover the sequential convergence of the nonlocal
Q-curvature flow on closed manifolds recently introduced by Gursky-Malchiodi.
1 Introduction and the main result
Similar to the Yamabe problem, or more generally, to the prescribing scalar curvature prob-
lem on Sn, a nature problem on closed manifolds involving the fourth order conformally co-
variant operator can be proposed as follows:
On a closed manifold (Mn, g0) of dimension ≥ 5, does there exist a conformal metric
g = u
4
n−4 g0 with constant Qg-curvature?
The above problem on Mn with n ≥ 5 is reduced to the solvability of the following equation
Pg0(u) =
n−4
2
cu
n+4
n−4 and u > 0 on Mn, (1.1)
where c is a constant and Pg0 is fourth-order conformally covariant operator on (Mn, gg0), which
will be defined below soon. Recently, under the assumptions that Qg0 is semi-positive and the
scalar curvature Rg0 is nonnegative, an affirmative answer to the above problem is given by
Gursky-Malchiodi [7]. For more background of the above mentioned problem, one may refer
to [7] and the references therein.
Let (Mn, g) be a smooth Riemannian manifold of dimension larger than four, and Rg,Ricg
be the scalar curvature, Ricci curvature of metric g, respectively. The following conformally
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2covariant operator of order four on (Mn, g) is discovered by T. Branson [2] and Fefferman-
Graham [6], concretely,
Pgu = ∆
2
g + divg{(4Ag − (n− 2)σ1(Ag)g)(∇u, ·)}+
n− 4
2
Qgu (1.2)
and the Q-curvature Qg of metric g is defined by
Qg = −
1
2(n− 1)
∆gRg +
n3 − 4n2 + 16n− 16
8(n− 1)2(n− 2)2
R2g −
2
(n− 2)2
|Ricg|2, (1.3)
with the Schouten tensorAg = 1n−2(Ricg−
Rg
2(n−1)
g). Under conformal change g¯ = u
4
n−4 g, there
holds
Pg(ϕu) = u
n+4
n−4Pg¯(ϕ) (1.4)
for all ϕ ∈ C∞(Mn).
We first state the main reuslt of this paper analogous to T. Aubin’s [1] in the Yamabe prob-
lem.
Theorem 1.1. On a closed Riemannian manifold (Mn, g0) of dimension≥ 8, suppose there
exists p ∈Mn such that the Weyl tensor Wg0(p) 6= 0, then q(g0) < q(Sn).
We should point out here that some ideas of the proof of Theorem 1.1 involve the ones in
[5].
The structure of this paper is as follows: In section 2, some standard results to experts in
this field are presented. In section 3, we establish the main result of this paper, Theorem 1.1. In
section 4, the main Theorem 1.1 is applied to recover the sequential convergence of the nonlocal
Q-curvature flow in [7].
Remark 1.1. From the comments of Fre´de´ric Robert, the two formulae (21) and (22) on
page 511 in [5] may also involve Theorem 1.1. For the readers’ convenience, one may compare
their computations with ours appeared in the proof of Theorem 1.1.
Acknowledgments: The author is partially supported through NSFC (No.11201223) and
Program for New Century Excellent Talents in University (NCET-13-0271). He would thank Dr.
Yalong Shi for many stimulating discussions, especially in Lemma 3.1 and Professor Xingwang
Xu for helpful comments and precious advice on the nonlocal Q-curvature flow.
2 Preliminaries
The following results in this section are standard for the experts in this field. Let (Mn, g0)
be a closed Riemannian manifold. Define a energy functional on C∞(Mn) by
Eg0[u] =
∫
Mn
uPg0(u)dµg0,
where Pg0 is defined as (1.2).
3
Lemma 2.1. For any conformal metric g of g0, then the Paneitz-Sobolev constant
q(g) = q(Mn, g) ≡ inf
{ ∫
Mn
wPg(w)dµg
(
∫
Mn
w
2n
n−4dµg)
n−4
n
;w ∈ C∞(Mn) \ {0}
}
is independent of the selection of metrics in the conform class of g0.
Proof. For any g1, g2 in the conformal class of g0, there exists some positive smooth function ϕ
such that g2 = ϕ
4
n−4 g1. Thus by the definition of q(g1) and (1.4), for any w ∈ C∞(Mn) \ {0},
there holds
q(g1) ≤
∫
Mn
wϕPg1(wϕ)dµg1
(
∫
Mn
(wϕ)
2n
n−4dµg1)
n−4
n
=
∫
Mn
wPg2(w)dµg2
(
∫
Mn
w
2n
n−4dµg2)
n−4
n
.
Taking the infimum for all w ∈ C∞(Mn) \ {0} over the above inequality to show q(g1) ≤
q(g2). Exchanging g1 and g2, we also obtain q(g2) ≤ q(g2). Thus q(g1) = q(g2) holds for any
conformal metrics g1, g2 of g0.
Next we establish the so-called “Kazdan-Warner” condition for prescribed Q-curvature
problem on Sn.
Let g = u
4
n−4 gSn with 0 < u ∈ C∞(Sn), in particular set ϕ = 1 in (1.4), there holds
PSnu =
n− 4
2
Qgu
n+4
n−4 on Sn.
Let φ be a conformal transformation on Sn, define its companion of u related to φ by
v = (u ◦ φ)| det dφ|
n−4
2n , and φ∗(gSn) = | det dφ|2/ngSn.
Lemma 2.2. For any conformal vector field X on (Sn, gSn), there hold EgSn [v] = EgSn [u]
and ∫
Sn
< X,∇Qg >Sn u
2n
n−4dµSn = 0,
where Qg is the Q-curvature of the conformal metric g = u 4n−4 gSn .
Proof. By (1.4) and variable change formula, a direct computation yields
EgSn [v] =
∫
Sn
vPSnvdµSn
=
∫
Sn
(u ◦ φ)| det dφ|
n−4
2n PSn((u ◦ φ)| det dφ|
n−4
2n )dµSn
=
∫
Sn
(u ◦ φ)P|det dφ|2/ngSn (u ◦ φ)(det dφ)dµSn
=
∫
Sn
(u ◦ φ)Pφ∗(gSn)(u ◦ φ)dµφ∗(gSn)
=
∫
Sn
uPSn(u)dµSn = EgSn [u].
4For the second assertion, denote by φ(t) the family of smooth conformal transformations on
Sn induced by the vector field X with φ(0) = id, and set its corresponding conformal vector
field ξ(t) = (dφ(t))∗ dφ
dt
. In particular, X = ξ(0). Define the companion of u relating to φ(t) by
w(t) = (u ◦ φ(t))(det dφ)
n−4
2n or w
4
n−4 gSn = φ
∗(g).
From conformal covariance (1.4) of PSn , w solves
PSn(w) =
n− 4
2
(Qg ◦ φ)w
n+4
n−4 on Sn. (2.1)
Differentiate (2.1) with respect to t to yield
PSn(wt) =
n− 4
2
[
ξ · d(Qg ◦ φ)w
n+4
n−4 +
n+ 4
n− 4
w
8
n−4wt
]
. (2.2)
Since the volume ∫
Sn
w(t)
2n
n−4dµSn =
∫
Sn
u
2n
n−4dµSn
is preserved, it yields that ∫
Sn
w
n+4
n−4wtdµSn = 0. (2.3)
By Lemma 2.1, (2.2) and (2.3), we have
0 =
d
dt
EgSn [u] =
d
dt
EgSn [w(t)] = 2
∫
Sn
PSn(wt)wdµSn
= (n− 4)
∫
Sn
[ξ · d(Qg ◦ φ)w
n+4
n−4 +
n+ 4
n− 4
w
8
n−4wt]wdµSn
= (n− 4)
∫
Sn
ξ · d(Qg ◦ φ)w
2n
n−4dµSn.
Therefore, the desired assertion is followed by the above identity evaluated at t = 0.
3 Proof of the main result
In order to prove the main Theorem 1.1, we first need an elementary result.
Lemma 3.1. For any fixed ǫ > 0, then there exist C1(n, ǫ) > 0 and C2(n, ǫ) > 0 such that
as α→ 0+,
∫ ǫ
α
0
[
1− (n−4)(n
2−4n+8)
n(n−2)
σ4
(1+σ2)2
]
(1 + σ2)4−nσn−1dσ
=
{
−C1(n, ǫ), if n > 8;
C2(n, ǫ) logα, if n = 8.
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Proof. By a direct computation, one has∫
σn−1(1 + σ2)4−ndσ
=
1
n
σn(1 + σ2)4−n +
2(n− 4)
n
∫
σn+1(1 + σ2)3−ndσ
=
1
n
σn(1 + σ2)4−n +
2(n− 4)
n(n+ 2)
σn+2(1 + σ2)3−n
+
4(n− 4)(n− 3)
n(n + 2)
∫
σn+3(1 + σ2)2−ndσ.
Thus we conclude that∫ ǫ
α
0
[
1− (n−4)(n
2−4n+8)
n(n−2)
σ4
(1+σ2)2
]
(1 + σ2)4−nσn−1dσ
=
1
n
( ǫ
α
)n(1 + ( ǫ
α
)2)4−n + 2(n−4)
n(n+2)
( ǫ
α
)n+2(1 + ( ǫ
α
)2)3−n
+n−4
n
(
4(n−3)
n+2
− n
2−4n+8
n−2
)∫ ǫ
α
0
σn+3(1 + σ2)2−ndσ
= 1
n
( ǫ
α
)n(1 + ( ǫ
α
)2)4−n + 2(n−4)
n(n+2)
( ǫ
α
)n+2(1 + ( ǫ
α
)2)3−n
− n−4
n(n+2)(n−2)
[
(n− 8)(n2 + 2n+ 36) + 280
] ∫ ǫα
0
σn+3(1 + σ2)2−ndσ.
Note that when n > 8, the first two terms on the right hand side of the last identity go to 0 when
α → 0, and the last term has a negative limit, depending only on n. When n = 8, the first two
terms have finite limits, but the last term goes to −∞ at the speed of − logα. Therefore, the
proof is complete.
The proof of Theorem 1.1. By Theorem 5.1 in [8], there exists some conformal metric g in
the conformal class of g0 with conformal normal coordinates at p, such that ∀N ≥ 5, in a chart
near p there hold
det g = 1 +O(rN), r = |x| = dist(x, p),
Rg = O(r
2), −∆gRg(p) =
1
6
|W (p)|2.
Using the above facts and 1.3, one obtains
Qg =
|W (P )|2
12(n− 1)
+O(r).
With its corresponding polar coordinates {(r, ϕ);ϕ ∈ Sn−1} and polar metric g˜, there hold
g˜rr = 1, g˜rϕ = 0.
Thus we obtain √
det g dx1 ∧ · · · ∧ dxn = rn−1
√
det g dr ∧ dΩSn−1 ,
6
where dΩSn−1 denotes the volume form on Sn−1. As shown in [7], for any radial function u,
one has
∆gu = ∆0u+O(r
N−1)u′,
where ∆0 denotes the Euclidean Laplacian.
Let ηǫ ∈ C∞c (Rn) be a cutoff function for ǫ > 0, ηǫ = 1 in Bǫ(0) and ηǫ = 0 outside of
B2ǫ(0). Let
uα(x) =
( 2α
α2 + |x|2
)n−4
2
, for any α > 0,
then,
q(Sn) =
n− 4
2
QSnω
4
n
n =
∫
Rn
|∆0uα|
2dx( ∫
Rn
u
2n
n−4
α dx
)n−4
n
,
where ωn = vol(Sn, gSn) denotes the volume of the standard sphere Sn. For the Paneitz-
Sobolev constant q(Sn), one may refer to Proposition 1.1 in [4].
Notice that
u′α = −(n− 4)
r
α2 + r2
uα, u
′′
α =
(n− 4)(2r2 − α2)
(α2 + r2)2
uα,
∆0uα = u
′′
α +
n− 1
r
u′α = −
n− 4
(α2 + r2)2
uα[(n− 3)r
2 + nα2].
For any fixed ǫ > 0, choose
ϕα(x) = ηǫ(x)uα(x),
then ∫
Mn
ϕαPgϕαdµg
=
∫
Mn
[
|∆gϕα|
2 − 4Ag(∇ϕα,∇ϕα) + (n− 2)σ1(Ag)|∇ϕα|
2
g +
n− 4
2
Qgϕ
2
α
]
dµg.
We start to compute term by term on the right hand side of the above identity.
(i) To estimate∫
Mn
|∆gϕα|
2dµg
=
∫
Bǫ(0)
|∆0uα +O(r
N−1)u′α|
2(1 +O(rN))dx+
∫
Aǫ
|∆gϕα|
2dµg,
where Aǫ = B2ǫ \Bǫ(0).
It is not hard to check that∫
Rn\Bǫ(0)
|∆0uα|
2dx = O
((α
ǫ
)n−4)
;∫
Aǫ
|∆0ϕα|
2dx =
∫
Aǫ
|∆0ηǫuα + 2η
′
ǫu
′
α + ηǫ∆0uα|
2dx
7≤ 2
∫
Aǫ
[|∆0ηǫuα|
2 + |∆0uα|
2]dx
= O(ǫ8−nαn−4) +O(ǫ4−nαn−4);∫
Aǫ
|∆gϕα|
2dµg =
∫
Aǫ
|∆0ϕα +O(r
N−1)ϕ′α|
2(1 +O(rN))dx
= O(ǫ4−nαn−4) +O(ǫ2N−n+4αn−4)
Thus, we obtain ∫
Mn
|∆gϕα|
2dµg =
∫
Rn
|∆0uα|
2dx+Oǫ(α
n−4).
(ii) To estimate∫
Mn
Qgϕαdµg
=
∫
Bǫ(0)
( |W (P )|2
12(n−1)
+O(r)
)
u2α(1 +O(r
N))dx+
∫
Aǫ
( |W (P )|2
12(n−1)
+O(r)
)
ϕ2α(1 +O(r
N))dx.
Thus one has
n− 4
2
∫
Mn
Qgϕαdµg
=
n− 4
24(n− 1)
|W (p)|2
∫
Bǫ(0)
u2αdx+
∫
Bǫ(0)
O(r)u2αdx+
∫
Aǫ
O(1)u2αdx
=
n− 4
24(n− 1)
|W (p)|2
∫
Bǫ(0)
u2αdx+Oǫ(α
n−4).
(iii) To estimate
−4
∫
Bǫ(0)
Ag(∇uα,∇uα)dµg
= −4
∫
Bǫ(0)
(
Aij(p) + Aij,k(p)x
k + 1
2
Aij,kl(p)x
kxl +O(r3)
)
xixjr−2|u′α|
2(1 +O(rN))dx
= −2
∫
Bǫ(0)
(
Aij,kl(p)x
kxl +O(r3)
)
xixjr−2|u′α|
2dx
= −
|W (p)|2
6n(n− 1)(n− 2)
∫
Bǫ(0)
r2|u′α|
2dx+
∫
Bǫ(0)
O(r3)|u′α|
2dx.
Observe that ∫
Bǫ(0)
O(r3)|u′α|
2dx
=
∫ ǫ
0
O(r3)
r2
(α2 + r2)2
( 2α
α2 + r2
)n−4
rn−1dr
σ=
ǫ
α= O(α5)
[
O(1) +
∫ ǫ
α
1
σ8−ndσ
]
8=


Oǫ(α
4), if n = 8;
Oǫ(α
5 logα−1), if n = 9;
Oǫ(α
5) if n ≥ 10.
and ∫
Aǫ
Ag(∇ϕα,∇ϕα)dµg
= Oǫ(1)
∫
Aǫ
[
|u′α|
2 + |uα|
2
]
dx
= Oǫ(α
n−4).
Thus, we obtain
−4
∫
Bǫ(0)
Ag(∇uα,∇uα)dµg
= −
|W (p)|2
6n(n− 1)(n− 2)
∫
Bǫ(0)
r2|u′α|
2dx+


Oǫ(α
4), if n = 8;
Oǫ(α
5 logα−1), if n = 9;
Oǫ(α
5) if n ≥ 10.
(iv) To estimate
(n− 2)
∫
Bǫ(0)
σ1(Ag)|u
′
α|
2dµg
=
n− 2
2(n− 1)
∫
Bǫ(0)
Rg|u
′
α|
2(1 +O(rN))dx
= −
n− 2
24n(n− 1)
|W (p)|2
∫
Bǫ(0)
r2|u′α|
2dx+
∫
Bǫ(0)
O(r3)|u′α|
2dx.
Together with some computations of (iii), we obtain
(n− 2)
∫
Mn
σ1(Ag)|u
′
α|
2dµg
= −
n− 2
24n(n− 1)
|W (p)|2
∫
Bǫ(0)
r2|u′α|
2dx+


Oǫ(α
4), if n = 8;
Oǫ(α
5 logα−1), if n = 9;
Oǫ(α
5), if n ≥ 10.
Consequently, we are in a position to compute the coefficient of |W (p)|2 by Lemma 3.1:
n− 4
24(n− 1)
∫
Bǫ(0)
u2αdx−
n2 − 4n+ 8
24n(n− 1)(n− 2)
∫
Bǫ(0)
r2|u′α|
2dx
=
n− 4
24(n− 1)
∫
Bǫ(0)
u2α
[
1−
(n− 4)(n2 − 4n+ 8)
n(n− 2)
r4
(α2 + r2)2
]
dx
σ=
ǫ
α=
(n− 4)2n−4ωn−1
24(n− 1)
α4
∫ ǫ
α
0
[
1− (n−4)(n
2−4n+8)
n(n−2)
σ4
(1+σ2)2
]
(1 + σ2)4−nσn−1dσ
9= −
{
Oǫ(α
4), if n > 8;
Oǫ(α
4 logα−1), if n = 8.
(v) To estimate ∫
Mn
ϕ
2n
n−4
α dµg
=
∫
Rn
u
2n
n−4
α dx+
[ ∫
Rn\Bǫ(0)
+
∫
Aǫ
ϕ
2n
n−4
α (1 +O(r
N))dx
]
=
∫
Rn
u
2n
n−4
α dx+O((
α
ǫ
)n).
Thus, we obtain (∫
Mn
ϕ
2n
n−4
α dµg
)n−4
n
=
( ∫
Rn
u
2n
n−4
α dx
)n−4
n
+O((α
ǫ
)n).
Therefore, putting these above facts together, we conclude that
q(g) ≤
∫
Mn
ϕαPgϕαdµg( ∫
Mn
ϕ
2n
n−4
α dµg
)n−4
n
= Y (Sn)−


Oǫ(α
4)|W (p)|2 +Oǫ(α
5), if n ≥ 10
Oǫ(α
4)|W (p)|2 +Oǫ(α
5 logα−1), if n = 9
Oǫ(α
4 logα−1)|W (p)|2 +Oǫ(α
4), if n = 8
< Y (Sn)
for all n ≥ 8 by choosing α sufficiently small. 
4 An application to the convergence of the nonlocalQ-curvature
flow
Recently, Gursky and Malchiodi introduced [7] a nonlocal Q-curvature flow on a closed
Riemannian manifold (Mn, g0) of dimension n ≥ 5:
∂u
∂t
= −u + µP−1g0
(
|u|
n+4
n−4
) (4.1)
u(0, x) = u0 (4.2)
for some initial data u0 ∈ C∞∗ , where
µ(t) =
∫
Mn
uPgudµg0( ∫
Mn
u
2n
n−4
)n−4
n
and
C∞∗ ≡ {w ∈ C
∞(Mn, g0);w > 0, Pg0w ≥ 0}.
10
Under the assumptions that theQg0 is semi-positive and the scalar curvatureRg0 is nonnega-
tive, which yield that the Paneitz-Sobolev constant q(g0) = q(Mn, g0) is positive by Proposition
2.3 in [7]. The positivity of u is preserved along the nonlocal Q-curvature flow and the long
time existence of the above nonlocal Q-curvature flow is established. From now on, we adopt
the above assumptions in this section. Thus, the Q-curvature equation gives
Pg0u = Qgu
n+4
n−4 , u > 0 on Mn
where Qg is the Q-curvature of the flow metric g(t) = u(t)
4
n−4 g0.
From Lemma 3.3 in [7], µ(t) is non-increasing and uniformly bounded below and above by
two positive constants, as well as the volume of the flow metric
∫
Mn
dµg(t), then it yields
lim
t→∞
µ(t) = µ∞ > 0.
For brevity, set
ϕ = −u + µP−1g0
(
|u|
n+4
n−4
)
and
F2(t) =
∫
Mn
ϕPg0ϕdµg0.
In essence, we can further show the asymptotic behavior of F2(t) as t→∞.
Lemma 4.1. There holds
lim
t→∞
F2(t) = 0.
Proof. By (4.1), a direct computation yields
1
2
d
dt
F2(t) =
∫
Mn
ϕPg0ϕtdµg0
= −
∫
Mn
ϕPg0ϕdµg0 + µt
∫
Mn
ϕu
n+4
n−4dµg0 +
n+ 4
n− 4
µ
∫
Mn
u
8
n−4ϕ2dµg0.
By Lemma 3.3 in [7] and Ho¨lder’s inequality, one has
∣∣∣µt
∫
Mn
ϕu
n+4
n−4dµg0
∣∣∣ ≤ CF2(t)(
∫
Mn
ϕ
2n
n−4dµg0
)n−4
2n
(∫
Mn
u
2n
n−4dµg0
)n+4
2n
≤ Cq(g0)
− 1
2F
3
2
2 (t).
By Ho¨lder’s inequality, we estimate
∣∣∣ ∫
Mn
αfu
8
n−4ϕ2dµg0
∣∣∣ ≤ C(∫
Mn
u
2n
n−4dµg0
) 4
n
(∫
Mn
ϕ
2n
n−4dµg0
)n−4
n
≤ Cq(g0)
−1F2(t).
Thus, we obtain
d
dt
F2(t) ≤ CF2(t)(1 + F2(t)
1
2 ). (4.3)
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From the estimate
∫∞
0
F2(t)dt <∞, there exists a sequence {tj} with tj →∞ as j →∞, such
that
lim
t→∞
F2(tj) = 0.
Set
H(t) =
∫ F2(t)
0
ds
1 + s
1
2
= 2F2(t)
1
2 − 2 log
(
1 + F2(t)
1
2
)
,
then as the same argument in [3], we assert that there exists some uniform constant C0 > 0 such
that
H(t) ≥ C0F2(t)
for sufficiently large t ≥ 0. Using lim
j→∞
H(tj) = 0 and (4.3), for any t ≥ tj , we obtain
H(t) ≤ H(tj) + C
∫ t
tj
F2(τ)dτ.
Then, we conclude that
lim
t→∞
F2(t) ≤ C
−1
0 lim
t→∞
H(t) = 0.
This completes the proof.
As a direct consequence, we apply Theorem 1.1 to recover the sequential convergence of
the above Q-curvature flow in a special case of [7].
Corollary 4.1. Let (Mn, g0) be a closed Riemannian manifold of n ≥ 8, suppose Mn is
not locally conformally flat and Gursky-Malchiodi’s assumptions hold true, that is, Qg0 ≥ 0
and is positive somewhere; Rg0 ≥ 0. Then the nonlocal Q-curvature problem (4.1)-(4.2) is
sequentially convergent as t→∞.
Proof. As the proof of Theorem (1.1), based on test functions in the proof of Therem 1.1 or
[5], Gursky-Malchiodi set up a scheme to modify them to a sequence {uˆ0n} of positive functions
as initial data of the flow. Then by adopting the same argument in Theorem 6.1 of [7], the
sequential convergence of the nonlocal Q-curvature problem (4.1)-(4.2) follows.
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